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The work of Crowthamel and Diehl 
( 1 )  several years ago established a 
method of gas analysis which utilizes 
indirect measurements of the velocity 
of sound. Because it is continuous and 
nondestructive, this method has partic- 
ular interest for experimentors who are 
involved in studies of chemical kinetics 
or reactor dynamics. Analytical results 
obtained are independent of flow rate 
and flow-rate fluctuations and vary only 
slightly with temperature. 

In an experimental apparatus the gas 
to be analyzed is passed through a 
metal tube so that it fills the space be- 
tween a speaker and a microphone 
mounted in opposite ends of the tube. 
A sound of constant frequency is gene- 
rated by the speaker, passes through 
the gas, and is picked up by the micro- 
phone. The output of the microphone 
may be calibrated against composition. 
The measurements of Crowthamel and 
Diehl and those of the present writers 
yield calibration curves which agree in 
form (see Figure 1). Curves of this 
general form are also known to de- 
scribe the microphone output if fre- 
quency or tube length are varied (1, 3, 
6). Althou h these findings are in the 

an analytic interpretation available. In 
literature, i l  ere does not appear to be 

the equations that follow, a result is 
derived that explains the experimental 
findings. 

The wave equation for sound propa- 
gation in one dimension is 

8% 
(1) -- - a2 - a 2  al 

where (x, t) is the velocity potential, 
defined by Rayleigh ( 5 )  in terms of 
the particle velocity in the tube: 

at2  ax2 

(2)  
ae - dcp 

ax a t  
- - u = -  

The constant a is the velocity of sound; 
that is, the velocity of propagation of 
the wave, as distinct from the particle 
velocity u, or the velocity of flow of 
gas through the tube. 

Initially, there is no disturbance in 
the tube. This may be expressed by the 
boundary condition 

@ = O ,  t = O  ( 3 )  
At the microphone end of the tube, 
there must be a node in particle dis- 
placement, since no motion can occur 
at a closed end. This is expressed 

or 
e = o ,  x = d  

Page 422 

MOL PERCENT HELIUM 

Fig. 1. Microphone output vs. gas composition. 
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At the speaker position (x = 0) the 
system is forced by the periodic motion 
related to the sound-generating coil. In 
general, a sinusoidal voltage fluctuation 
wiIl produce a sinusoidal response in 
the particle velocity ( 7 ) .  Thus from 
Equation (2) 

aCJ 
- - A  sin ot, x = 0 
ax ( 5 )  

Solution of Equation (1)  with bound- 
ary conditions (3),  (4),  and ( 5 )  gives 

@ ( x ,  t )  = (S) csc (+) 
0 

sin ot cos- ( d - x )  (6) 
a 

(71 
Microphones are sensitive to the 

pressure fluctuations which propagate 
as sound waves. To express the above 
result in terms of pressure, it is neces- 
sary to use the following relation of 
Rayleigh's (9) 

ao 
at 

- p - = p  

Combining this equation with (7) 

p ( d ,  t )  = - p A a csc p) cosot 

(9) 
A microphone output (voltage or cur- 
rent) is generally a linear function of 
the input pressure (7). Thus 

i ( d ,  t )  = B p ( d ,  t) (10) 
If, as is common, the output is meas- 
ured as a root-mean-square value, the 
result is 

The speed of sound in a gas is a func- 
tion of its molecular weight and ratio 
of specific heats (1) 
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Then 
i R M S  = 

of semifluidization. 

f 13) 

In a typical experimental analytical ap- 
plication, only ( M / y )  is variable. The 
separate constants may then be accu- 
mulated in the form 

(14) 
The constant Ki depends on the equip- 
ment used and on the properties of the 
gases under study. It is, in effect, a 
scale factor and can most conveniently 
be determined by comparison of theo- 
retical and experimental results. The 
constant Kz depends on the physical 
properties of the system considered. For 
example, it is known that at 70°F. pure 
nitrogen has a 20.2 cm. wavelength at 
1,720 cycles/sec. ( O  = 10,820 radians/ 
sec.). In a tube of that length, reso- 
nance at the receiver can be expected. 
From Equation (14) : 

csc ( K z  d28/1.4) -+ 00 (15) 
and 

1.4 (Ib. (Ib.) -1/2 (16) 

Experimental results for the system 
nitrogen-helium are given in Figure 1. 
A theoretical curve based on Equation 
(14) is shown, where the constant Ki 
= 25.2 (ma.) (lb.)1/2(lb. mole) 
Since this equation was derived using 
idealized boundary conditions and i s  
based on the assumption of unidirec- 
tional propagation of waves of infhi- 
tesimal amplitudes, the agreement of 
theory and experiment must be con- 
sidered quite satisfactory. 

The gap between the two curves 
where the microphone output is low 
suggests the use of a semiempirical ex- 
pression of the form 

Ki 
i R M s  = a + = I csc Kz ,,m I 

dM/Y 
(17) 

The constant a! can be considered a 
correction factor for the nonideal be- 
havior of the system. A fit of Equation 
(17) to the experimental data is shown 
in Fi ure 1, by a = 8.75 ma., Ki = 
16.6 ?ma.) (lb.)1/2 (lb. This 
curve agrees remarkably well with the 
measurements. Exact agreement at 
very high microphone outputs is im- 
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possible, since real physical systems 
saturate under conditions of resonance. 
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NOTATION 

A =  

a =  

d =  
g c  = 
i =  

i K M S  = 

KI = 

amplitude of sinusoidal speak- 
er input 
velocity of propagation of 
sound 
length of sound tube 
gravitational constant 
output of microphone (current 
or voltage) 
root mean square value of i 

KZ = ( a d )  / d g c  RT CP = velocity potential as defined 
M = molecular weight of gas in in Equation (3)  

p 

R = gas constant 
t = time Analytical Chemistry, 20, 515 (1948). 
T = absolute temperature 
u 

o = angular frequency sound tube 

vibrations LITERATURE CITED 
= excess pressure due to sonic 

1. Crowthamel, C. E., and Harvey Diehl, 

2. Gura, I., M.S. thesis, University of 

3. Kave. G. W. C., and C. G. Sherratt, 
= velocity of gas particles due to Illinois, Urbana, Illinois (1962). 

sonic vibrations 
x 

Greek Letters 
(Y = constant as defined in Equa- 

p = constant as defined in Equa- 

y = ratio of specific heats 
e = displacement of gas particles 

due to sonic vibrations 
p = density of gas under condi- 

tions at which a is measured 

= axial coordinate in sound tube 

tion (17) 

tion (10) 

Pric.. Rov. Soc. -(London), 141-A, 123 
(1933). 

4. Lamb, Horace, “The Dynamical Theory 
of Sound,” 2 ed., Edward Arnold, Lon- 
don (1925). 

5. Strutt, J. W. (Lord Rayleigh), “The 
Theory of Sound,” 2 ed., Vol. 2, Mac- 
millan, London ( 1896). 

6. Wood, A. B., “A Textbook of Sound,” 
Macmillan, New York ( 1941). 

7. British Broadcasting COT. (Staff, En- 
gineering Training), “Microphones,” 
IliEe and Sons, London ( 1951). 

The Maximum Velocity Locus for 

Axial Turbulent Flow in an Eccentric Annulus 
R. A. WOLFFE and C. W. CLUMP 

Lehigh University, Bethlehem, Penna. 

Deissler and Taylor (1) and Heyda 
(3) present analytical solutions for the 
turbulent flow of incompressible fluids 
in plain annuli containing eccentrically 
positioned cores, Coniparison of these 
solutions with experimental observa- 
tions is not offered by these authors. It 
is the purpose of this note to compare 
the results of a recent experimental 
study (8) of flow in annuIi containing 
a fixed eccentric core with the calcu- 
lated solutions of the above mentioned 
authors. 

Deissler and Taylor devised an inter- 
ative procedure in which the Iocus of 
maximum velocity and the velocity 
gradient lines are assumed such that 
they satisfy force balances calculated 

employing the equations of Eckert ( 2 )  
for velocity distribution in turbulent 
flow. Heyda solved the Navier-Stokes 
equations for laminar flow and used the 
resulting laminar maximum velocity 
locus as the basis for his iterative non- 
geometric procedure for the description 
of turbulent flow. Heyda’s assumption 
that the laminar and turbulent loci of 
maxima are identical has support in the 
results of studies of flow in concentric 
annuli. These studies ( 4 ,  5, 6, 7) indi- 
cate that the radius of maximum veloc- 
ity for Reynolds numbers somewhat less 
than 10,000, based on the hydraulic 
radius, is identical to the radius of 
maximum velocity for laminar flow, and 
that the maximum velocity radius 

TABLE 1. 

Angle 8 

10 40 80 120 180 200 240 

% difference 

Navier-Stokes 2.4 1.8 11.4 6.7 7.2 10.0 14.3 

Noyes approx- 
imntion 0.0 0.0 0.0 0.0 7.2 10.0 6.6 

moves slightly toward the inner wall as 
the Reynolds number increases. 

In a recent experimental study iso- 
velocity lines and the locus of maxi- 
mum velocity were determined for the 
turbulent flow of air (Reynolds num- 
ber 20,000, maximum velocity 40 ft./ 
sec. ) . Impact tube measurements were 
used to determine point velocities in 
an annular system consisting of a 3.00 
in. I.D. smooth aluminum tube with a 
2.00 in. O.D. eccentric aluminum core 
( 6  = 0.25). Calming lengths of 15 ft. 
upstream and 6 ft. downstream from 
the test section were employed. Point 
velocity data was reproducible within 
1%. 

In Figure 1 the experimentally de- 
termined maximum velocity points are 
plotted along with points of maximum 
velocity predicted by the solution of 
the Navier-Stokes equation for laminar 
ffow. Also presented is the locus of 
maximum velocity predicted by a sim- 
ple approximate solution of the Navier- 
Stokes equation suggested by Noyes 
( 3 )  in conjunction with the work of 
Heyda. A comparison between experi- 
mentaIIy determined maximum points 
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